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Introduction

Minimal framework
> A finite set of areal units X = {x1,®2,...}

> Several groups (chemical or animal species, ethnic groups)
distributed across X’:

A= Al(a?), Ag({l}),. .

Weak Heterogeneity Goal
oals

> Propose two indices (one global, one local) to measure the spatial
heterogeneity of these distributions: are they well mixed or not?

> Dissimilarity Index (Duncan & Duncan, 1955), Isolation Index,
Entropy-based measures Index (Theil, 1972), Multiscalar Lens Model

. . Olteanu et al., 2019), complex systems approaches (Agent-Based

High Het t ( . . . .

'gh Meterogenerty Modeling via Schelling, Network Analysis...).
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General context

Electoral data Modelling
> X = the set of polling stations (or districts).

> A, = votes cast for the candidate 1,
Ao = votes cast for the candidate 2, ...
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> Distributions a1, aa, ... correspond to the votes'
ratio for the n-candidate, that is
An(2)

an(r) = =~

Zy) An(y)

Saint-Victor

e, ¢
Val-de-Grace
2 ®

Jardin-des-Plantes

Simulated election in Paris’ Latin Quarter

> Distance-cost matrix C' = C(z,y): straight-line
distance between two polling stations.

Analysing Spatial Heterogeneity
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Analysing Spatial Heterogeneity

Global OT-Index for the n-candidate

D, = OTc(Ozn, 5&)

A Global OT-Index

Candidates’ scores and their respective benchmarks

M candidate 1
M candidate 2
M benchmark 1
M benchmark 2

> Benchmark a: represents the perfect
mixed distribution of votes:

> An(z)
alr) = ==

> Optimal Transport (OT): a tool to

compute a distance between two
distributions.

> For the overall election:
D = anDn
n

where p,, is the n-candidate’s score.
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Optimal Transport between «,, and &

=810 0 0
Dn:OTC(anad) 0 0 O_ &

—min {(C|7) : Y- 1= an,7L -1 =a} Bl . b

0L

> Thanks to C = C(x,y) which defines the " cost to >
move one vote from x to y ", D,, captured the [ P &wcz. =§1(I>
geographic properties of X. 1)
> v, dispatches votes from one polling station to ™ 3 bog 2 {0
another. ><
. . . . 1“0‘65
> D, is a geographical index: spatial arrangements of -M 1.4_
areal units is taken into account.

An example of transference plan ~,
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A Local OT-Index

Local OT-Index

1 . B > Optimal transference plans 7% defines a flow
wn(z) = %2a (C(z,)[7m(,2) = (2, )) between pairs of polling stations
< a(x) p p g .
(v}
@ > Readily interpretable:
E; . .
2 inm— nd D,, in m
é signed heterogeneity index for MACRON 2048.00 C Wn a d n
X during the 2022 presidencial elections zzamt))o > French 2022 Presidential reSUltS O'F 4
48.90 . .
| Siitee 400 candidates (among 12) (Paris area):
B
-&? 48.88 o Qh . ::ZZ E -
g % i 3 Candidate | OT-Index D,, | Score (%)
S . §Q o B Macron 519 meters 35,49
[} v 000 g L
ki s - AN o 5 Mélenchon 980 meters 29,93
E < s < Y %
= I B 5 005 3 Zemmour 1005 meters 8,2
£ SRR R S
) b _{”h:f.- -0.50
o R 400 Le Pen 295 meters 5,39
w 48.82 -
00 -32.00
E 2.‘26 2.‘28 2..‘?0 2.'32 2.‘34 2.'35 2.‘33 2.‘40 2.‘42 -256.00
_g. -2048.00
2
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A Local OT-Index

Local OT-Index

1 > Optimal transference plans 7% defines a flow
between pairs of polling stations.

> Readily interpretable:
Cinm=— w, and D, inm

> French 2022 Presidential results of 4
candidates (among 12) (Paris area):

signed heterogeneity index for MELENCHON 2048.00

during the 2022 presidencial elections

Xavier Bacon

256.00

32.00

& 5 4.00
) A&' 0.50

48.90

48.82

-32.00
-256.00

-2048.00

"? 48.88 . 0.06 E -
g e o Z Candidate | OT-Index D,, | Score (%)
o, g

S . U SH | Macron 519 meters 35,49

[ & R 000 & .

ki e & ‘:.a;. JOS- Mélenchon | 980 meters 29,93
; 3 LY g
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e y 4 DYy e f -0.50
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A Local OT-Index

Local OT-Index

. . )
wn(z) = 1 (O, ) |7 2) — 7 (@, ) > Optimal tra.nsference.plans T defines a flow
< 2a() ® © between pairs of polling stations.
(v}
@ > Readily interpretable:
E_; . .
E signed heterogeneity index for ZEMMOUR 2048.00 C nm Wn and Dn n-m
during the 2022 presidencial elections 256.00 . .
- o > Fren;h 2022 Presidential resn_JIts of 4

| 3% 400 candidates (among 12) (Paris area):

¢ 3 o1 2 0.50
> - LR
= 48.88 & B A 006 E - )
g L ’ i 3 Candidate | OT-Index D,, | Score (%)
o {3 byl Macron 519 meters 35,49
[} 29 000 g L
b g o, v =d or 5 Mélenchon 980 meters 29,93

; Y ; g

= | & L L3 ‘% 0o 3 Zemmour 1005 meters 8,2
S 4= 0.50
g o 2 400 Le Pen 295 meters 5,39
(%2} 48.82
00 i i i . i . i i i -32.00
E 2.26 2.28 2.30 232 2.34 2.36 2.38 2.40 2.42 -256.00
_g. -2048.00
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A Local OT-Index

Local OT-Index

-4.00
48.82

-32.00

226 228 230 232 234 236 238 240 242 -256.00

-2048.00

1 > Optimal transference plans +;: defines a flow
c wp () = 250 )<C’(x, VN vm(,x) —vo(z, ) between pairs of polling stations.
o a\x
8 > Readily interpretable:
2 Cinm=— w, and D, inm
T . . 2048.00 . .
x Gaingthe 2082 prevdencil ctions > French 2022 Presidential results of 4
| B e candidates (among 12) (Paris area):
> 0.50
2 I o E Candidate | OT-Index D,, | Score (%)
o 0.01 2
3 oo & Macron 519 meters 35,49
S . So % Mélenchon | 980 meters 29,93
I -0.01 é
= D e B Zemmour | 1005 meters 8,2
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Miscellaneous

“ % > Future works: focus on special costs: concave (induces a
5 few large displacements) or convex (induces a lot of small
%‘% displacements).
! 3
N8 g e > Code available:
e * X o . . .
DL g https://github.com/jolatechno/ot-heterogeneity

Thank you for your attention!
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https://github.com/jolatechno/ot-heterogeneity

