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Primal problem

@ X is a compact metric space.
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Primal problem

@ X is a compact metric space.

o p=(p1,...,un) € A (X)N are the initial distributions of
goods in region X.
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Primal problem

@ X is a compact metric space.

o p=(p1,...,un) € A (X)N are the initial distributions of
goods in region X.

o v=(vy,...,vy) €4 (X)V are the final distributions of goods
in region X.

Primal problem

(@)= swp | st pi(X)=vi(X),i=1,...,N}
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Primal problem

@ X is a compact metric space.

o p=(p1,...,un) € A (X)N are the initial distributions of
goods in region X.

o v=(vy,...,vy) €4 (X)V are the final distributions of goods
in region X.

@ % =%(v) is the average utility.

Primal problem

(@)= s {u(v) st pi(X)=vi(X),i=1,...,N}
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Primal problem

@ X is a compact metric space.

o p=(p1,...,un) € A (X)N are the initial distributions of
goods in region X.

o v=(vy,...,vy) €4 (X)V are the final distributions of goods
in region X.

@ % =%(v) is the average utility.
o I (u,v) =Zfi1 Tc,(pi,vi) is the transport cost between p and

(@)= sup {w(v)-T (V) st wi(X)=vi(X),i=1,..., N}

veM(X)N
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What is T.(u,v) ?

o ue i (X),ve Hi(Y) are respectively the source and the
target distributions. ¢ = c(x,y) is the transport cost satifying
for all x,y € X,

c(x,y)=0 and c(x,x)=0.
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What is T.(u,v) ?

o ue i (X),ve Hi(Y) are respectively the source and the
target distributions. ¢ = c(x,y) is the transport cost satifying
for all x,y € X,

c(x,y)=0 and c(x,x)=0.

Transference plan and related cost

y e Mi(XxY) is a transference plan between p and v if

fydy(x,y):u(x) and fXdY(X»Y):V(Y)

Its related cost with respect to c is given by

e[| ctay)drtay) .ol
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Optimal Transport

II(u, v) denotes the set of all transference plans between p and v.
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Optimal Transport

II(u, v) denotes the set of all transference plans between p and v.

Optimal Transport problem

The optimal transport cost between u and v is given by

Te(wv)=inf{{cly):yel(wv)}.
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The average utility % is given by

Jx U(x, B1(x),.... Bn(x))dm(x) if vi=pim fori=1,... N
—o00 otherwise

(V) ={

where
@ mis a reference measure i.e. yj<<mfori=1,...,N.

o U:(x,B)eXxRN — U(x,B) €RU{—oc} is the preference of the
agent located in x.
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Technical assumptions on U and ¢

Q Vi=1,...,N, ¢ is continuous, nonnegative and ¢;(x,x) =0 for
all xe X.

@ for m-a.e. xe X, U is upper semi-continuous, concave,
nondecreasing.

O for every BeRY, x€ X — U(x,B) is m-measurable.
@ BelY(X,mN— [y U(x,B(x))dm(x) is not identically equals
to —oo.

@ (x,B)— U(x,P) is sublinear with respect to f uniformly in
x€ X, thatis : V6 >0,3C5 s.t. for m-a.e. xe X

N
U(x,) <8y Bi+Cs
i=1
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S

(@)= sup {w(v)-T (V) st wi(X)=vi(X),i=1,...,N}

vedl (X)N

Proposition (B.,Carlier,Nazaret, 2021)

If the assumptions above are satisfied, then the maximization
problem (£) admits at least one solution.
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S

(@)= sup {w(v)-T (V) st wi(X)=vi(X),i=1,...,N}

vedl (X)N

Proposition (B.,Carlier,Nazaret, 2021)

If the assumptions above are satisfied, then the maximization
problem (£) admits at least one solution.

Proof : N=1, let v" = §"-m be a maximizing sequence.
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(@)= sup {u(v)-
vedl (X)N

S

(V) st @i(X)=vi(X),i=1,...,N}

Proposition (B.,Carlier,Nazaret, 2021)

If the assumptions above are satisfied, then the maximization
problem (£) admits at least one solution.

Proof : N=1, let v" = §"-m be a maximizing sequence.
@ Mass constraints : VneN,v"(X) = [p"dm = pu(X)
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(@)= sup {u(v)-
vedl (X)N

S

(V) st @i(X)=vi(X),i=1,...,N}

Proposition (B.,Carlier,Nazaret, 2021)

If the assumptions above are satisfied, then the maximization
problem (£) admits at least one solution.

Proof : N=1, let v" = §"-m be a maximizing sequence.
@ Mass constraints : VneN,v"(X) = [p"dm = pu(X)

— (") is bounded in L1(m)
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(@)= sup {u(v)-
vedl (X)N

S

(V) st @i(X)=vi(X),i=1,...,N}

Proposition (B.,Carlier,Nazaret, 2021)

If the assumptions above are satisfied, then the maximization
problem (22) admits at least one solution.

Proof : N=1, let v" = §"-m be a maximizing sequence.
@ Mass constraints : VneN,v"(X) = [p"dm = pu(X)

— (") is bounded in L1(m)

Koglosaﬁe Ll(m), 3 subseq. (not relabed) s.t.

l i ﬁi m-a.e. ﬁ
ni= '

% and - (u,-) concave = (") is a maximizing sequence.
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@ Fatou's Lemma, sublinearity and concavity of U implies

|ImeXﬁ ))dm(x fo,Bx)dm()
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@ Fatou's Lemma, sublinearity and concavity of U implies

|ImeXﬁ ))dm(x fo,Bx)dm()

e v"=p"-m bounded in 4, (X) = (not relabed) Ive ., (X)
s.t.
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@ Fatou's Lemma, sublinearity and concavity of U implies

|ImeXﬁ ))dm(x fo,Bx)dm()

e v"=p"-m bounded in 4, (X) = (not relabed) Ive ., (X)
s.t.

since I (u,.) is seq. weakly-* |.s.c. then
lim =9 (u,v") < -F (1, v)

= (@)= [ UGxp) dm(x) -7 (1.v)
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@ Fatou's Lemma, sublinearity and concavity of U implies

|ImeXﬁ ))dm(x fo,Bx)dm()

e v"=p"-m bounded in 4, (X) = (not relabed) Ive ., (X)
s.t.

since I (u,.) is seq. weakly-* |.s.c. then
lim =9 (u,v") < -F (1, v)

= (@)= [ UGxp) dm(x) -7 (1.v)

A\ With the first convergence (m-a.e.), f may violate the mass
constraint and with the second (weakly) convergence v may not
belong to L'(m).
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@ Weak-* convergence = v=f-m
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@ Weak-* convergence = v=f-m

o Radon-Nikodym Theorem : let f7 € ! and v® € .4, (X) be
S.t.

v=B7-m+v°®

with v° L m
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@ Weak-* convergence = v=f-m

o Radon-Nikodym Theorem : let f7 € ! and v® € .4, (X) be
S.t.

v=B7-m+v°®

with v* L m (= 3A measurable s.t. v°(A) =m(A°)=0).
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@ Weak-* convergence = v=f-m

o Radon-Nikodym Theorem : let f7 € ! and v® € .4, (X) be
S.t.

v=B7-m+v°®

with v* L m (= 3A measurable s.t. v°(A) =m(A°)=0).
Let y € II(u,v) be optimal and decompose it into

Y =YIXxATY|XxAc
—— N —
y? Y
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@ Weak-* convergence = v=f-m

o Radon-Nikodym Theorem : let f7 € ! and v® € .4, (X) be
S.t.

v=B7-m+v°®

with v* L m (= 3A measurable s.t. v°(A) =m(A°)=0).
Let y € II(u,v) be optimal and decompose it into

Y =YIXxATY|XxAc
—— N——
y? Y
Set

Y=v2+(ld,Id)#a®-m

where a® = proj#vy°.
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then proj; #y = p and proj, #7 = (7 +a”)-m
—_——
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then proj; #y = p and proj, #7 = (7 +a”)-m
f

B
J(u,ﬁ-m)sfcdffzfcdya since ¢c(x,x)=0
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then proj; #y = p and proj, #7 = (7 +a”)-m
f

B
J(u,ﬁ-m)sfcdffzfcdya since ¢c(x,x)=0

< [ed@+r%) =7 ()
——
Y
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then proj; #y = p and proj, #7 = (7 +a”)-m
f

B
J(u,ﬁ-m)sfcdffzfcdya since ¢c(x,x)=0

< [ed@+r%) =7 ()
——
Y

=T (wB-m)<T (1v)
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then proj; #y = p and proj, #7 = (f+a®)-m
f

B
J(u,ﬁ-m)sfcdffzfcdya since ¢c(x,x)=0

< [ed@+r%) =7 ()
——
Y

=T (wB-m)<T (1v)

Moreover, f= 2= B then % (- m)=%(B-m) by monotonicity of
.
Then B solves (22).
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Problem (£2) appears naturally as the dual of a convex
minimization problem over continuous functions ¢ € C(X,R)V :
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Problem (£2) appears naturally as the dual of a convex
minimization problem over continuous functions ¢ € C(X,R)V

(2) =sup U(v Z Te, (i vi
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Problem (£2) appears naturally as the dual of a convex
minimization problem over continuous functions ¢ € C(X,R)V

(9)—sup% ZTcl(Hn Vi

=sup %(v) —SUP(Z @7 dp; + fxwidv,-)
v

¢ \i=1
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Problem (£2) appears naturally as the dual of a convex
minimization problem over continuous functions ¢ € C(X,R)V

() =sup %(v ZTC,(M,, Vi
=sup %(v) —SUP(Z @7 dp; + fqo,dv,)
v ¢ \i=1

—supmf@l Z (pc’dp, Z (p,dv,
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Problem (£2) appears naturally as the dual of a convex
minimization problem over continuous functions ¢ € C(X,R)V

(9)—sup% ZTcl(Hn Vi

=sup %(v) —SUP(Z @7 dp; + fqo,dv,)
v

¢ \i=1

—supmf@l Z (pc’dp, Z (p,dv,

N N
(no duality gap) =inf| — Z (p.ci dyj+sup |%(v) - Z @;dv;
o imdx v iZ19X
= () V()
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Calculations above suggest setting

H (¢ Z (pqd/Jn
f V(% 01(x), -, on(x)) dm(x)

where V/(x,) :=supgcpy U(x, ) — YN Bip; and setting the
following dual problem :

(2) = (peci(r}j'R)NJK(@ +7 ().
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Calculations above suggest setting

H (¢ Z (pqd/Jl’
f V(6 @1(x), .., oy (x)) dmi(x)

where V/(x,) :=supgcpy U(x, ) — YN Bip; and setting the
following dual problem :

@)= _rf K (@)+V (o).

Theorem (Strong duality)

Under the assumptions above, the following equality is satisfied

(2)=(2).
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An equilibrium for an initial monetary endowment w is a system of
prices ¢ and a final endowment of the goods g satisfying:
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An equilibrium for an initial monetary endowment w is a system of
prices ¢ and a final endowment of the goods g satisfying:
@ Sellers at x maximize their profits by exporting their goods

a(x) :
profits;(x) = max ¢;(y) - ci(x,y) (= —(P,-Ci(x))
total profits(x) = profits(x) - a(x)
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An equilibrium for an initial monetary endowment w is a system of
prices ¢ and a final endowment of the goods g satisfying:
@ Sellers at x maximize their profits by exporting their goods

a(x) :
profits;(x) = max ¢(y) — ci(x,y) (=~ (x))
total profits(x) = profits(x) - a(x)
@ For all y, consumers in y have an initial endowment w(y) and

buy Bi(y) in order to maximize its utility under budget
constraint:

export profit
—~
Bi(y) = argmax Uy, p):p-B<=¢(y)-aly)+w(y)

total revenue
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An equilibrium for an initial monetary endowment w is a system of
prices ¢ and a final endowment of the goods g satisfying:
@ Sellers at x maximize their profits by exporting their goods

a(x) :
profits;(x) = max ¢(y) — ci(x,y) (=~ (x))
total profits(x) = profits(x) - a(x)
@ For all y, consumers in y have an initial endowment w(y) and

buy Bi(y) in order to maximize its utility under budget
constraint:

export profit
—~
Bi(y) = argmax Uy, p):p-B<=¢(y)-aly)+w(y)

total revenue

@ Markets are clear : one can find a plan y; € I[1(a;m, B;m) such
that for every (x,y) € supp(y;) we have

-7 (x) = @ily) - clxy)
profits of the seller price  transport cost

Xavier Bacon An exchange economy problem with transport costs



Let B and ¢ solves (22) and (2) respectively and define

w=¢-f+¢ -a

then (B,¢) is an equilibrium with monetary endowment w.
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@ Entropic optimal transport and Sinkhorn algorithm : popular
and efficient tool in computational optimal transport since
Cuturi's paper (2013).

@ The algorithm below is based on a variant introduced by G.
Peyré (2015) in the context of Wasserstein gradient flows.
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An entropic approximation algorithm

e X finite, m is the counting measure.

@ a;(x) >0 denotes the initial endowment of location x € X in
the good i€ {1,...,N}.

Xavier Bacon An exchange economy problem with transport costs



An entropic approximation algorithm

e X finite, m is the counting measure.
@ a;(x) >0 denotes the initial endowment of location x € X in
the good i€ {1,...,N}.
==¢°(x)

2)=inf V(y, + ()T iA—;,i
(2) welﬂgmy;( (v 9(y)) izlxexa(X)ryfg{w (y)-ciCoy)l
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An entropic approximation algorithm

e X finite, m is the counting measure.
@ a;(x) >0 denotes the initial endowment of location x € X in
the good i€ {1,...,N}.
==¢°(x)

A

(2)= inf Y V(y Z Y a; x)max{(p (y)-ci(xy)}.

‘PERXXNyEX i=1xeX

—~ )

Let £ >0 be a regularization parameter,

)=ci(xy)
i i —el € .
maxipily) = ciboy)l —e og(ngXe )

~ v
-~

soft-max
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An entropic approximation algorithm

e X finite, m is the counting measure.
@ a;(x) >0 denotes the initial endowment of location x € X in
the good i€ {1,...,N}.
==¢°(x)

A

(2)= inf Y V(y Z Y a; x)max{(p (y) = ci(x y).

‘PERXXNyEX i=1xeX

Let £ >0 be a regularization parameter,

ci6)
. el FREEEEY
maxipiy) - ci(xy)h —e Og(yezxe )

~~

soft-max

(@)= inf Y Vo) +e) X aibiog( X e ).

PERT N yex i:1x€X yeX
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Optimality conditions

The optimality conditions for (2;) writes:

-B(y)edV(y,o(y)), VyeX

where f is given by

e £
Bily) = X ai(x) e Y € X
xeX ZZEX € €
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Optimality conditions

The optimality conditions for (2;) writes:

-B(y)edV(y,o(y)), VyeX

where f is given by

etp,(Y)-C,(xy)
pily)= L @i(x) oY € X
xeX dzexe €
Introducing
9i(y)-ci(xy)
e €
Y’(X’y) = al(X) @i(2)-c;(x,2)
ZZEX € €
we have y; e Il(a;, B;) and y; solves the entropic optimal transport
problem
Te(anBi):=inf 3 (ci(xy)+elog(y(xy))y(xy).

Yell(@ihi) (xyyex?
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In fact, such a B solves the dual problem of (2;):

sup Y. U(y,B(y Z (ai, Bi), (2.1)

BeRN yeX

which is the entropic regularization of (£2) with regularization
parameter €.
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(2¢) can be reformulated by considering the convex function
(2¢) = <Ipnuf/ (o),

N
()= 3 V(vp()-2 2 ailx)wi(x)+e). 3 e :

yeX i=1xeX i=1(x,y)eX?
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(2¢) can be reformulated by considering the convex function
(2¢) = <Ipnuf/ (o),

N N V(049 (1)=ci(xy)
(@)= ) Vvo()-2 X ailxyil)+e), ), e«
yeX i=1xeX i=1(x,y)eX?
since for fixed ¢, the minimizer of ¢ — ®.(¢,v) is explicitly given

by
i(y)=ci(xy)
yi(x) = elog(ai(x) -elog( X e+ )

yeX
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(2¢) can be reformulated by considering the convex function
(2¢) = <Ipnuf/ (o),

(@, w) =) V(v o(y) ZZa, ()+eY Y e :
yeX i=1xeX i=1(x,y)eX?

since for fixed ¢, the minimizer of y— ®.(¢,v) is explicitly given

by

vi(x) = elog(a;(x)) ~clog ¥ ™)

yeX

so replacing in @, we get

inf®(p,)=C+ Y V(y,(y +£Z Y ai(x Iog( Y e pl) )
v yeX i=1xeX yeX
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Coordinate descent/Sinkhorn

To solve (2;) it is sufficient to solve (2¢) that is
inf @.(p,
inf ©c(¢,y)

which can be solved by coordinate descent: starting from (y?,¢°),
updates are computed as follows:

yhtl = argming cgxxn (", )

okt = argmin ,egx«n ®(¢, k)
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Notice that one of the update is explicity given by
ok (y)-ci(xy)
yiTH () = clog(ai(x) —elog( X e+ )
yeX

The second update is (for i and y fixed) the same as solving a
one-dimensional strictly convex minimization problem.
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Notice that one of the update is explicity given by

xy)
k”(x) = elog(a;(x £Iog( > e e )
yeX

The second update is (for i and y fixed) the same as solving a
one-dimensional strictly convex minimization problem.
Remark : if V is smooth and locally strongly convex ont its
domain, this scheme convergences linearly (Beck, Tetruashvili,
2013).
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The Cobb-Douglas case : if the utility is of the form

N N
:Hﬁ?i, a; >0, a=Za,-<1
i1 e

a- a-

N
then V(¢ H

and the second minimization step is reduced to find the root t of
the strictly monotone equation (for some A and b)

eftb=A

which can be solved using a dichotomy method.
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Merci pour votre attention.
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